In semiparametric and nonparametric statistical inference, the asymptotic normality of estimators has been widely established when they are √ n-consistent. In many applications, nonparametric estimators are not able to achieve this rate. We have a result on the asymptotic normality of nonparametric M -estimators that can be used if the rate of convergence of an estimator is n −1/2 or slower. We apply this to study the asymptotic distribution of sieve estimators of functionals of a mean function from a counting process, and develop nonparametric tests for the problem of treatment comparison with panel count data. The test statistics are constructed with spline likelihood estimators instead of nonparametric likelihood estimators. The new tests have a more general and simpler structure and are easy to implement. Simulation studies show that the proposed tests perform well even for small sample sizes. We find that a new test is always powerful for all the situations considered and is thus robust. For illustration, a data analysis example is provided.
Introduction
Weak convergence theory and empirical theory (van der Vaart and Wellner (1996) ) have been widely used to study the asymptotic properties of estimators in semiparametric and nonparametric models. When the convergence rate of estimators is n −1/2 , the asymptotic distribution of the estimators can be derived by using the weak convergence theorem on Z-estimators (van der Vaart and Wellner, 1996, p.310) . For example, Zeng, Lin and Yin (2005) and Lin (2006, 2007) obtained the desired asymptotic normality of the estimators for the proportional odds model and the semiparametric transformation models by verifying the conditions of Theorem 3.3.1 of van der Vaart and Wellner (1996) . When the convergence rate is slower than n −1/2 , for example, the convergence rates of nonparametric maximum likelihood estimators of cumulative distribution functions based on interval-censored data are n −1/3 (Groeneboom and Wellner (1992) ), this theorem is no longer applicable. For such situations, it is difficult to derive the asymptotic distribution of nonparametric estimators. Zhang (2006) and Balakrishnan and Zhao (2009) investigated the asymptotic normality of functionals of the nonparametric maximum pseudo-likelihood and likelihood estimators for panel count data. We have a general theorem dealing with the asymptotic normality of nonparametric M -estimators and we apply this to panel count models as illustrative examples.
For the nonparametric inference of panel count data, several estimation and testing methods have been developed. Sun and Kalbfleisch (1995) , Wellner and Zhang (2000) , Lu, Zhang and Huang (2007) , and Hu, Lagakos and Lockhart (2009a,b) studied the nonparametric estimation of the mean function of the underlying counting process with panel count data by using isotonic regression techniques, the likelihood approach, the spline likelihood approach, the estimating equation approach, and the generalized least squares method, respectively; Thall and Lachin (1988) , Sun and Fang (2003) , Zhang (2006) , and Balakrishnan and Zhao (2009) presented some nonparametric tests for nonparametric comparison of mean function of counting process with panel count data. For a comprehensive review about the analysis of panel count data, see Sun and Zhao (2013) . Huang (2007, 2009) showed that the spline likelihood estimators have a convergence rate slower than n −1/2 but faster than n −1/3 , and are more efficient both statistically and computationally than the nonparametric maximum likelihood estimators in simulations. In this paper, we explore asymptotic normality of functionals of spline likelihood estimators of mean functions, and propose some new nonparametric tests based on them to compare with existing tests for the nonparametric comparison of counting processes with panel count data.
The remainder of the article is organized as follows. In Section 2, we present a general theorem regarding the asymptotic normality of nonparametric Mestimators. In Section 3, we briefly review the nonparametric spline-based likelihood estimators for panel count data and establish the asymptotic normality of their functionals. Section 4 presents two classes of nonparametric test statistics for comparing two treatment groups with respect to their mean functions. The asymptotic normality of the proposed test statistics are established. Section 5 reports some simulation results to assess the finite-sample properties of the proposed test procedure and to compare them with the tests based on the non-parametric likelihood estimators. A data analysis example is provided in Section 6. Section 7 contains some concluding remarks. The proofs of theorems are given in the Supplementary Materials available at the Statistica Sinica journal website.
Asymptotic Distributional Theory of Nonparametric M -Estimators
Suppose X = (X 1 , . . . , X n ) is a random sample taken from the distribution of X, and l n (Λ; X) = ∑ n i=1 m(Λ; X i ) is an objective function based on X, where Λ is an unknown function in the class F. Let F n be the sieve parameter space satisfying
Assume thatΛ n is the estimator of Λ 0 that maximizes l n (Λ; X) with respect to F n . Suppose Λ η is a parametric path in F through Λ, Λ η ∈ F and Λ η | η=0 = Λ. Let H = {h : h = ∂Λη ∂η | η=0 } and l ∞ (H) be the space of bounded functionals on H under the supermum norm ||f || ∞ = sup h∈H |f (h)|. For h ∈ H, we define a sequence of maps G n of a neighborhood of Λ 0 , denoted by U , in the parameter space for Λ into l ∞ (H) by
and take G(Λ)[h] = P ψ(Λ; X)[h]
, where P and P n denote the probability measure and empirical measure with P f = ∫ f dP and
To establish the asymptotic normality, we need the following conditions.
Remark 1. The above theorem does not require theΛ n be √ n-consistent, while the conditions stated in Theorem 3.3.1 of van der Vaart and Wellner (1996) imply that the estimator has the usual convergence rate n −1/2 .
Remark 2. Assumptions A2-A4 are the analytical conditions given in Theorem 3.3.1 of van der Vaart and Wellner (1996) . Assumptions A1 and A5 require the remainder in a Taylor expansion be negligible; they are weaker than those required by van der Vaart and Wellner (1996) .
The theorem can be widely used to establish the asymptotic normality of nonparametric estimators no matter whether the rate of convergence is n −1/2 , or is slower. We focus on counting process models with panel count data to illustrate applications of the theorem. Consider a recurrent event study that consists of n independent subjects and let N i (t) denote the number of occurrences of the recurrent event of interest before or at time t for subject i. For subject i, suppose that N i (·) is observed only at finite time points T Ki,1 < · · · < T Ki,Ki ≤ τ , where K i denotes the potential number of observation times, i = 1, . . . , n, and τ is the length of the study.
In the following, we assume that (
. . , n} is a random sample of size n from the distribution of X, where
Suppose that for each subject, N i (t) is a non-homogeneous Poisson process with the mean function Λ(t). The log pseudo-likelihood and the log-likelihood functions for Λ are
after omitting the parts independent of Λ, where
For estimation of the smooth function Λ 0 (t), we use B-spline function approximation (Lu, Zhang and Huang (2007) ). Let T = {s i , i = 1, . . . , m n + 2l}, with
. . , m n . Let Φ n be the class of polynomial splines of order l ≥ 1 with the knot sequence T . Then Φ n can be linearly spanned by the normalized B-spline basis functions Schumaker (1981) ). Define a subclass of Φ n ,
Following Lu, Zhang and Huang (2007) , the estimatorsΛ ps n andΛ n are the values that maximize l ps n (Λ) and l n (Λ) with respect to Λ ∈ Ψ n , respectively. We denote the spline pseudo-likelihood and spline likelihood estimators of Λ byΛ
Asymptotic normality
Let B denote the collection of Borel sets in R, and let Following Wellner and Zhang (2000) , define measures µ 1 and µ 2 as follows:
Define the L 2 -metrics d 1 and d 2 as
To establish the asymptotic properties of the estimators, we need the following regularity conditions. 
C1. The maximum spacing of the knots, ∆
≡ max l+1≤i≤mn+l+1 |s i − s i−1 | = O(n −v ) with m n = O(n v ) for 0 < v < 0.5. There exists a constant M > 0 such that ∆/δ ≤ M uniformly in n, where δ ≡ min l+1≤i≤mn+l+1 |s i − s i−1 |.
C2. The true mean function Λ
′ 0 (t) ≥ a 0 for some a 0 ∈ (0, ∞).
C3. There exists a positive integer
C7. There exists a positive constant s 0 such that
C8. µ 1 is absolutely continuous with respect to Lebesgue measure, with derivativeμ 1 .
C9. µ 2 is absolutely continuous with respect to Lebesgue measure, with derivativeμ 2 .
C10. If with probability 1, h(T K,j ) = 0, j = 1, . . . , K for some h, then h = 0.
Conditions C1-C5 and C7 are required by Lu, Zhang and Huang (2007) ; condition C6 is required by Balakrishnan and Zhao (2009) . Conditions C8 and C9
are similar to C11 in Wellner and Zhang (2007) . Condition C10 is needed for identifiability of the model.
Theorem 2. Suppose C1-C6 and C10 hold, and let
where g (r−1) is the (r − 1)th derivative function of g, and c 0 is a constant.
where σ 2 ps is given at (S2.4) of Supplementary Materials. 
where h ∈ H r , and
Remark 3. These results can be used to construct new tests for the problem of multi-sample nonparametric comparison of counting processes with panel count data.
Remark 4. We can show that under some regularity conditions, (3.1)-(3.6) hold for the two nonparametric likelihood-based estimators proposed by Wellner and Zhang (2000) .
Nonparametric Two-sample Tests
Consider a longitudinal study with some recurrent event and n independent subjects from two groups, n l in the lth group with n 1 + n 2 = n. Let N i (t) denote the counting process arising from subject i and Λ l (t) denote the mean function of the counting process corresponding to group l, l = 1, 2. Here, the problem of interest is to test the null hypothesis H 0 : Λ 1 (t) = Λ 2 (t). Suppose subject i is observed only at distinct time points 0 < T Ki,1 < · · · < T Ki,Ki and that no information is available about N i (t) between them.
LetΛ ps l andΛ l denote the spline pseudo-likelihood and spline likelihood estimators of Λ l based on samples from all the subjects in the lth group. Let Λ 0 (t) denote the common mean function of the N i (t)'s under H 0 , and letΛ ps 0 and Λ 0 be the spline pseudo-likelihood and spline likelihood estimators of Λ 0 based on the pooled data. Clearly, µ 1 (t) and µ 2 (u, v) can be consistently estimated bŷ
respectively. To test the hypothesis H 0 , Zhang (2006) and Balakrishnan and Zhao (2009) proposed to use the two statistics
where W n (t) is a bounded weight process,Λ l,mple andΛ l,mle denote the maximum pseudo-likelihood and maximum likelihood estimators of Λ l based on samples from all the subjects in the lth group, andΛ 0,mle denotes the maximum likelihood estimator of Λ 0 based on the pooled data. We propose the two test statistics
where h ps n (t) and h n (t) are bounded weight processes. For the propose of comparison, we consider three choices of the weight processes h ps n (t) and h n (t):
Other choices of weight processes can be made. For example, if we take h n (t) = {Λ 0 (t)} 2 , the structure of U ps n is similar to U Z , while the structure of U n is much simpler than that of U BZ .
Theorem 3. Suppose the conditions of Theorem 2 hold. Suppose that h n (t)'s are bounded weight processes and that there exists a bounded function h(t) such that h ∈ H r , and
n has an asymptotic normal distribution N (0, σ 2 ps ), where
with σ 2 1 as given as (3.4);
(ii) U n has an asymptotic normal distribution N (0, σ 2 ), where
with σ 2 2 as given as (3.6);
Remark 5. For the asymptotic normality of the proposed test statistics, we do not need the condition that h • Λ −1 0 is a bounded Lipschitz function as required by Zhang (2006) and Balakrishnan and Zhao (2009) .
Remark 6. We can show that, under some regularity conditions, (i)-(iii) hold if the spline pseudo-likelihood and spline likelihood estimators in the expression of U ps n and U n are replaced with the nonparametric maximum pseudolikelihood and nonparametric maximum likelihood estimators proposed by Wellner and Zhang (2000), respectively.
Simulation Study
We conducted a simulation study to investigate the finite-sample properties of the proposed test statistics and to make comparisons with those of the tests presented by Zhang (2006) and Balakrishnan and Zhao (2009) . We let T ps = U ps n /σ ps and T = U n /σ, wherê
, and U ps n , U n , andσ 2 l be as given in Section 4. By Theorem 3, the null hypothesis can be tested by T ps and T , which have asymptotic standard normal distributions. For the generation of panel count data, denoted by {k i , t ij , n ij , j = 1, . . . , k i , i = 1, . . . , n}, we first generated the number of observation times k i from the uniform distribution U {1, . . . , 10}, and then, given k i , we took the observation times t ij 's to be the order statistics of a random sample of size k i drawn from U {1, . . . , 12}. To generate the n ij 's, we assumed that, given a nonnegative random variable γ i , N i (t) is a Poisson process with mean function Λ i (t|γ i ) = E(N i (t)|γ i ). Let S l denote the set of indices for subjects in group l, l = 1, 2. For comparison, we considered cases representing two patterns of the mean functions:
As shown in Figures 1-2 of Balakrishnan and Zhao (2009) , the two mean functions do not overlap in Case 1 and they cross over in Case 2.
For each case, we took γ i = 1 and γ i ∼ Gamma(2, 1/2) corresponding to Poisson and mixed Poisson processes, respectively. For each setting, we took n 1 = 30, n 2 = 50 and n 1 = 50, n 2 = 70. We considered the weight processes
and h (4) n (t) = {Λ 0 (t)} 2 , denoting the corresponding tests by T j with h (j) n (j = Table 1 . Estimated size and power of the tests for Poisson processes. 1.000 0.823 1.000 1.000 1.000 0.932 1.000 5 1.000 0.073 1.000 1.000 1.000 0.076 1.000 8 0.619 0.714 1.000 1.000 0.619 0.713 1.000 n 1 = 50, n 2 = 100 3 1.000 0.760 1.000 1.000 1.000 0.761 1.000 5 1.000 0.083 1.000 1.000 1.000 0.085 1.000 8 0.699 0.822 1.000 1.000 0.701 0.820 1.000 1, 2, 3, 4) and T BZj with W (j) n (j = 1, 2, 3). Here, the nonparametric maximum likelihood estimatorsΛ l,mle ,Λ 0,mle were computed by using the modified iterative convex minorant algorithm in Wellner and Zhang (2000) ; the spline likelihood estimatorsΛ l andΛ 0 were computed by using the algorithm in Lu, Zhang and Huang (2007) . The results reported here are based on 1,000 Monte Carlo replications using R software. Tables 1 and 2 present the estimated sizes and powers of the proposed test statistics T j 's and T BZj 's (Balakrishnan and Zhao (2009) ) at significance level α = 0.05 for different values of β and the different weight processes based on the simulated data for the two cases with γ i = 1 and γ i ∼ Gamma(2, 1/2), respectively. The two parts of each table include the comparison of T j and T BZj with the sample sizes n 1 = 30, n 2 = 50 and n 1 = 50, n 2 = 70 in Cases 1 and Table 2 . Estimated size and power of the tests for mixed Poisson processes. 2, respectively. To see what happens when the difference between n 1 and n 2 becomes large, we also considered the sample sizes n 1 = 50, n 2 = 100. The simulation results shown in the tables suggest that the tests based on the spline likelihood estimators have similar sizes and powers to those of the tests based on the nonparametric maximum likelihood estimators.
The new test procedure is easy to implement and performs well for all the situations considered. However, for Case 2 with n 1 = 30 and n 2 = 50, we note that the estimated powers of test T BZj 's display "NA" often when running the simulation program. In this case, we chose to report the simulation results when the estimated powers of test T BZj 's were available. It is surprising that the proposed test T 1 with the simplest structure has similar size and power to T BZ1 with a complicated structure when the simulated values of T BZ1 are available. The new test T 4 has similar power to T 1 and T BZ1 in Case 1 and to T 3 and T BZ3 in Case 2. We conclude that T 4 , with a simple structure, is always powerful for the two cases considered, and thus robust.
To evaluate the asymptotic normality of Theorem 3, we constructed the quantile plots of the test statistics against the standard normal. Figures 1 and 2 present such plots for T 4 and they reveal that the asymptotic normality is justified for the given finite sample sizes. Similar plots were obtained for test statistics T 1 , T 2 and T 3 and other situations as well.
An Application
We applied the proposed tests to a set of panel count data arising from a skin cancer chemoprevention trial conducted by the University of Wisconsin Comprehensive Cancer Center in Madison, Wisconsin. It was a double-blinded and placebo-controlled randomized phase III clinical trial. The primary objective of this trial was to evaluate the effectiveness of 0.5g/m2/day PO difluoromethylornithine (DFMO) in reducing new skin cancers in a population of the patients with a history of non-melanoma skin cancers: basal cell carcinoma and squamous cell carcinoma. The study consisted of 290 patients who were randomized to two groups: DFMO group (143) or the placebo group (147). The observed data included a sequence of observation times in days and the numbers of occurrences of both basal cell carcinoma and squamous cell carcinoma between the observation times for patients in different treatment groups (see Table 9 .3 of Sun and Zhao (2013) ). Sun and Zhao (2013) analyzed these data and found that the overall DFMO treatment seemed to have some mild effects in reducing the recurrence rates of basal cell carcinoma and quamous cell carcinoma. In addition, they presented a graphical comparison of the two groups and concluded that the DFMO treatment seemed to have some effects in reducing the recurrence rate of basal cell carcinoma but not to have any effect on the recurrence rate of squamous cell carcinoma. For this reason, we focused on comparing two treatment groups in terms of the recurrence rates of basal cell carcinoma.
To test the difference between the two groups, we treated the DFMO group as group 1 and the placebo group as group 2. Let N i (t) represent the number of the occurrences of basal cell carcinoma up to time t for patient i, i = 1, . . . , 290. Let Λ l (t) denote the expected occurrences of basel cell carcinoma up to time t for group l. The goal is to test H 0 : Λ 1 (t) = Λ 2 (t) = Λ 0 (t). The spline likelihood estimatesΛ l andΛ 0 of Λ l and Λ 0 based on samples from all the patients in the l-th group and the pooled data are shown in Figure 3 . We applied the test procedure of Section 4 to this problem and obtained The test results from T 1 , T 3 and T 4 suggest that the incidence rates of basal cell carcinoma were significantly reduced by the DFMO treatment, while test T 2 fails to reject H 0 . This can be easily understood by looking at the behavior of the estimates. From Figure 3 , the difference of mean functions at later times dominate the difference at earlier times so that the test with W (2) n could not detect the difference between two groups.
Concluding Remarks
For semiparametric models, Wellner and Zhang (2007) developed a general theorem for deriving the asymptotic normality of semiparametric M -estimators of regression parameters. We can establish similar theory. For example, we have the following results about the asymptotic normality of estimators in the semiparametric model considered by Wellner and Zhang (2007) and Lu, Zhang and Huang (2009) 
, and (Asymptotic Normality of Functional ofΛ ps n ) for h ∈ H r , √ n ∫ {Λ ps n (t) − Λ 0 (t)}e
where 
and (Asymptotic Normality of Functional ofΛ n ) for h ∈ H r ,
where
Here, the obtained asymptotic distributions forβ ps n andβ n are the same as those in Theorem 3.3 of Wellner and Zhang (2007) and Theorem 3 of Lu, Zhang and Huang (2009) . The new results about the baseline mean function can be used to conduct statistical hypothesis tests. The proofs of the above conclusions are available from the authors.
Supplementary Materials
The supplementary materials include proofs of theorems.
